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Lapusta), allasheveleva@i.ua (A. Sheveleva).A plane problem for two identical piezoelectric semi-inﬁnite spaces adhered by means of a thin isotropic
interlayer is considered. It is assumed that a crack of a limited electric permeability occurs in the inter-
layer parallel to its faces. Combined electromechanical loading is prescribed at inﬁnity. It is assumed that
the interlayer is softer than the adherent materials. To avoid the singularities, which are typical for the
Grifﬁth crack model, two distinct zones – a zone of mechanical yielding and a zone of electrical saturation
– of unknown lengths are introduced as crack continuations. These lengths can be essentially different,
with the zone of mechanical yielding signiﬁcantly longer or shorter than the zone of electrical saturation.
Assuming that the interlayer thickness tends to zero, a constant normal stress is prescribed in the zone of
mechanical yielding and a saturated electrical displacement is prescribed in the zone of electrical satu-
ration. Outside of these zones, the semi-inﬁnite spaces are assumed to be perfectly bonded. This formu-
lation results in a linear fracture mechanics problem with unknown pre-fracture zone lengths. The
problem, formulated mathematically by a system of two equations of linear relationship, is solved
exactly. The unknown yield and saturated zones lengths are found from the conditions of ﬁniteness of
stress and electrical displacement at the ends of these zones for the both cases when the electrical sat-
urated zone is longer and shorter than the zone of mechanical yielding. It is shown that the same equa-
tion as for the Grifﬁth crack model can be used for the determination of the electrical displacement in the
crack region. The main results of the paper are obtained in the form of simple analytical equations which
are convenient for engineering applications. Some numerical illustrations in graphical and tabular form
show dependencies of the pre-fracture zone lengths, the energy release rate, the mechanical displace-
ment and electrical potential jumps on the electromechanical loading and the electrical permeability
of the crack medium.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Piezoelectric ceramics with enhanced electromechanical cou-
pling properties have been intensively developed in last decades.
Due to their remarkable properties, they are widely used in engi-
neering as sensors, transducers and actuators. However, these
materials are very brittle and predisposed to fracture. Their failure
can be caused by high mechanical stresses or electrical ﬁelds.
Therefore, it is very important to study the fracture behavior of pie-
zoelectric ceramics under the combined action of mechanical
stresses and electrical ﬁeld. However, the problems related to the
fracture mechanics of piezoelectric ceramics are rather complex
mathematically. Despite of the substantial progress made by manyll rights reserved.
: +38 056 3749842.
oboda), lapusta@ifma.fr (Y.authors, these problems still remain far from their complete
solution.
An important aspect is a correct formulation of electrical condi-
tions at the crack faces. Because cracks are usually ﬁlled with some
media (air, water and so on), the properties of this media should be
taken into consideration. Since it is not easy, special approaches
has been used to model some simpliﬁed limiting cases. A study
of electrically permeable crack was proposed by Parton (1976).
A study of the other extreme case of electrically impermeable crack
was suggested and essentially developed by Deeg (1980), Pak
(1992) and Suo et al. (1992). Since that time, many studies have
been performed within the framework of these models. The crack
face conditions accounting for the property of the crack medium
were suggested in Parton and Kudryavtsev (1988) and Hao and
Shen (1994). These conditions, known as limited permeable or
PKHS boundary conditions, have attracted much attention in the
scientiﬁc literature, see e.g. Dunn (1994), McMeeking (1999), Xu
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Fig. 1. An adhesive interlayer with a limited permeable crack between two semi–
inﬁnite piezoelectric spaces.
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(2003). Govorukha et al. (2006) and Li and Chen (2008) applied
these conditions to study interface cracks. Similarly, Wang and
Mai (2007) introduced limited permeable magnetic conditions at
the crack faces. Energetically consistent boundary conditions were
suggested by Landis (2004) and developed by Li et al. (2008) and
Ricoeur and Kuna (2009).
The consideration of a crack within the framework of linear
fracture mechanics leads to singularities in stresses and, for piezo-
electric materials, in electrical displacements at the crack tips. Dif-
ferent ways of removing the crack tip singularities for cracks in
homogeneous isotropic materials and modeling of fracture pro-
cesses were proposed in the papers by Leonov and Panasyuk
(1959), Dugdale (1960) and Barenblatt (1962). A cohesive zone
model was developed by Needleman (1990), Tvergard and Hutch-
inson (1993, 1996), Tvergard (2001) and others. According to these
models, it is assumed that there exists a cohesive zone ahead of the
physical crack tip. This zone consists of two crack faces attracted
by cohesive traction. This cohesive traction is related to the sepa-
ration displacement by some cohesive zone model. Under the
external load which is applied to the system, the two cohesive sur-
faces separate gradually, leading to the crack growth when the dis-
tance between these faces at the tail of the cohesive zone (physical
crack tip) attains a critical value. Cohesive zone models have been
actively developed till now and different cohesive laws have been
suggested (e.g. Nairn, 2009).
The way of eliminating the electrical displacement singularity
for an electrically insulated crack in a homogeneous piezoelectric
material was suggested by Gao and Barnett (1996) by means of a
strip saturation model. Similarly to Dugdale (1960), it was as-
sumed that the electrical polarization reaches a saturation limit
in a line segment in front of the crack. The length of this segment
was found from the condition of ﬁniteness of electrical polarization
at the boundary point of the segment. The energy release rate
(ERR) for this model was analyzed by Gao et al. (1997). A strip sat-
uration model for an electrically permeable crack was studied by
Ru and Mao (1999). The effects of the saturation condition on the
near-tip ﬁeld and on the stress intensity factor, as well as the inﬂu-
ence of the crack orientation with respect to the electrical polariza-
tion direction was investigated by Ru (1999) and Wang (2000) for
an electrically impermeable crack. A crack in the form of vanish-
ingly thin but ﬁnite height electrically permeable rectangular slit
was considered by Li (2003). He analyzed the inﬂuence of the
height on the saturation parameters. Electrical saturation zone of
circular and elliptical form was studied by Jeong et al. (2004) and
Beom et al. (2006a,b). An electrical ﬁeld saturation model was
developed by Zhang and Gao (2004) and Wang and Zhang (2005)
for an electrically impermeable crack. It was assumed in these
models that the electric ﬁeld strength is equal to the dielectric
breakdown strength. A numerical analysis of this model for a ﬁnite
size body was performed by Fan et al. (2009).
In electromechanical devices, piezoelectric materials with iden-
tical physical properties can be connected by means of a very thin
ductile interlayer. Cracks can occur either in this layer or at one of
the interfaces between this interlayer and one of the substrates.
Taking into account that the interlayer is usually much softer
and has a smaller yield stress than the adjacent materials, consid-
erable zones of mechanical and electrical nonlinearity can appear
in this interlayer at the crack continuations. A plastic yield at the
tip of a crack in a thin constrained layer was studied by Varias
et al. (1991), Turner and Evans (1996), He et al. (1996) and Pickt-
hall et al. (2002). Kakramkar et al. (2008) artiﬁcially introduced
an interlayer for modeling crack propagation between two differ-
ent materials. Modeling of fracture process zone at the tip of a
crack reaching the non-smooth interface between different materi-
als was performed by Kaminsky et al. (2008). An analytical analysisof the plastic zone at a corner point of an interface was carried out
by Kipnis and Polishchuk (2009).
Different studies of fracture process zone for a crack in an inter-
layer between two materials were performed. Concerning the pie-
zoelectric materials, the accounting of the mechanical and
electrical yielding was performed by Shen et al. (2000) for mode
III interface crack. Loboda et al. (2007) considered mechanical
yielding for an in-plane electrically permeable crack in an inter-
layer between two different piezoelectric materials, and Loboda
et al. (2008) took into account additionally the electrical saturation
for a similar problem, but for the case of electrically impermeable
crack and identical upper and lower material properties. In the pa-
per by Lapusta and Loboda (2009), the assumption of limited per-
meability for a crack in a thin interlayer between two identical
piezoelectric materials was adopted. A special approach based
upon the assumption of equal lengths of mechanical and electrical
yield zones was developed. In the present paper, a similar problem
for a limited permeable crack in a thin interlayer between two
identical piezoelectric materials is considered in a general formula-
tion for different mechanical yield and electrical saturate zone
lengths. The developed model is formulated mathematically and
solved exactly by means of the problem of linear relationship in
terms of piecewise analytic functions.2. Formulation of the problem
Consider a material consisting of two substrates and a thin
interlayer. The two substrates are semi-inﬁnite piezoceramic
spaces x3 P h=2 and x3 6 h=2 (Fig. 1) with identical properties
deﬁned by elastic moduli cijkl, piezoelectric elij and dielectric eij con-
stants (Parton and Kudryavtsev, 1988). The piezoelectric material
has the symmetry class 6 mm with the poling direction x3. The
semi-inﬁnite spaces are connected by means of a very thin isotro-
pic layer h=2 < x3 < h=2 containing a crack of length 2a parallel
to the faces of the layer. The mechanical load and electrical
displacements are uniformly distributed at inﬁnity and are given
by rðmÞ33 ¼ r1; rðmÞ13 ¼ 0; DðmÞ3 ¼ d1 (m ¼ 1 stands for the upper
domain, and m ¼ 2 for the lower one). Because the load does not
depend on the coordinate x2 and taking into account the above-
mentioned material symmetry, a two-dimensional plane strain
problem in the x1; x3-plane (Fig. 1) can be considered. In this
ﬁgure, for certainty, the crack is located in the center of the inter-
mediate layer.
It is assumed that the crack surfaces are traction-free and the
electric ﬁeld inside the crack can be found as Ea ¼  /þ  /
 
= uþ3  u3
 
. The signs (+) and () indicate the corresponding func-
tion on the upper and lower crack faces, respectively. Taking into
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medium), one arrives at the following electric condition along the
crack region:
D3 ¼ eau
þ u
uþ3  u3
; ð1Þ
which was introduced earlier by Hao and Shen (1994).
The constitutive relations for a linear piezoelectric material in
the absence of body forces and free charges can be presented in
the form by Pak (1992):
PiJ ¼ EiJKl VK;l; ð2Þ
PiJ;i ¼ 0; ð3Þ
where
VK ¼
uk; k ¼ K ¼ 1;2;3;
/; K ¼ 4;

ð4Þ
PiJ ¼
rij; i; j ¼ J ¼ 1;2;3;
Di; i ¼ 1;2;3; J ¼ 4;

ð5Þ
EiJKl ¼
cijkl; j; k ¼ J;K ¼ 1;2;3;
elij; j ¼ J ¼ 1;2;3;K ¼ 4;
eikl; k ¼ K ¼ 1;2;3; J ¼ 4;
eil; J ¼ K ¼ 4:
8>><
>>:
ð6Þ
In (2)–(6), uk; /; rij and Di are the elastic displacements, elec-
tric potential, stresses and electric displacements, respectively.
cijkl; elij and eij are the elastic, piezoelectric and dielectric constants.
Here and henceforth, small subscripts run from 1 to 3, and capital
subscripts run from 1 to 4. The summation convention is used for
the repeated indexes.
3. Interlayer modeling
Because the intermediate (adhesive) layer between two sub-
strates is very thin with respect to the crack length, its thickness
is neglected in most cases. By this way, one arrives at the problem
of a Grifﬁth crack of length 2a with limited electrical permeability
in a homogeneous piezoelectric material. The solution of this prob-
lem has been obtained by Hao and Shen (1994) and conﬁrmed by
other authors. According to Govorukha et al. (2006) the normal
stress and the electrical displacement for x1 > a; x3 ¼ 0 can be pre-
sented in this case in the form
r33ðx1;0Þ ¼ r1 x1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21  a2
q ; D3ðx1;0Þ ¼ ðd1  DÞ x1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21  b2
q þ D;
ð7Þ
where D ¼ D3ðx1;0Þ for x1 2 ða; aÞ is a constant value of electrical
ﬂux. This value can be deﬁned from quadratic equation following
from Eq. (1). For details, see e.g. Eq. (39) situated further in this
paper.
It follows from the formulas (7) that, for this model, both the
normal stress and the electrical displacement are singular at the
crack tip, and the associated intensity factors are
K1 ¼
ﬃﬃﬃﬃﬃﬃ
pa
p
r1 and K4 ¼
ﬃﬃﬃﬃﬃﬃ
pa
p ðd1  DÞ; ð8Þ
respectively.
The ERR in this case can be found in a traditional way (J-integral
for the Grifﬁth crack) and has the form
J0 ¼
pa
4
H33ðr1Þ2 þ ðH34 þ H43Þr1ðd1  DÞ þ H44ðd1  DÞ2
n o
;
ð9Þ
where Hij are the elements of the matrix H introduced by Suo et al.
(1992).In reality, neither the normal stress nor the electrical displace-
ment is singular at the crack tip. To formulate the model without
the mentioned singularities, we assume that the intermediate layer
has the properties of elastic–perfectly plastic material and the
zones of mechanical yielding and electrical saturation in the con-
sidered system develop only in this interlayer ahead of the crack
tips. These regions can be called pre-fracture zones of electrome-
chanical yielding. Moreover, because the interlayer is very thin
with respect to the crack length, its thickness can be neglected.
Therefore, we assume that, at x3 ¼ 0, the upper and the lower
materials are mechanically bonded for jx1jP b and electrically
continuous for jx1jP c. Similarly to Dugdale (1960), we model
the mechanical yield zones jx1j 2 ða; bÞ; x3 ¼ 0 by crack continua-
tions and assume that in these zones
r33ðx1;0Þ ¼ rY ; ð10Þ
where rY ¼ arys, rys is the yield stress of the interlayer and a is the
plastic constraint factor depending on the conﬁguration. According
to Wang (1997), the recommended value of this factor is 2.0 for the
case of plane strain. Therefore, we will use this value of the param-
eter a in the following analysis.
Note that the above-mentioned zones can appear due to yield-
ing or damage of the interlayer. Generally, the normal stress r33 in
these zones depends on the coordinate x1 (Varias et al., 1991) be-
cause of constrains. However, as a ﬁrst approach for avoiding the
stress singularity, we assume here that rY is a constant value in
the yield zones.
The electrical saturation zones occupy the intervals
jx1j 2 ða; cÞ; x3 ¼ 0. For them, similarly to Gao and Barnett (1996),
we assume that
D3 ðx1;0Þ ¼ DS; ð11Þ
where Ds is the saturated electrical displacement of the interlayer.
Recall that the signs (+) and () are related to the upper and lower
crack faces.
It is also assumed, similarly to a Grifﬁth crack with a limited
electrical permeability in a homogeneous piezoelectric material
(Hao and Shen, 1994; Wang and May, 2003), that the electrical ﬂux
through the crack region (a, a) has a constant value D
D3 ðx1;0Þ ¼ D: ð12Þ
This assumption will be justiﬁed later and the unknown constant D
will be found.
In such a way, we arrive at a linear fracture mechanics problem
for a limited permeable crack (a,a) with mechanical yield zones
jx1j 2 ða; bÞ and electrical saturation zones jx1j 2 ða; cÞ in a homoge-
neous piezoelectric material under the following conditions at its
faces (Fig. 2):
r33ðx1;0Þpðx1Þ¼
rY for a6 jx1j6b
0 for jx1j<a

;r13ðx1;0Þ¼0 for b< x1<b;
D3ðx1;0Þqðx1Þ¼
DS for a6 jx1j6 c;
D for jx1j< a:

ð13Þ
In Fig. 2, two possible situations related to the lengths of the
mechanical yielding zone lr ¼ b a and of the electrical saturation
zone lD ¼ c  a are presented. Case (a) illustrates the crack conﬁg-
uration when the mechanical yield zone is shorter than the electri-
cal saturation zone ðlr 6 lDÞ and (b) is related to the opposite one.
The following conditions of mechanical and electrical bonding:
rþi3ðx1;0Þ¼ri3ðx1;0Þ; uþi ðx1;0Þ¼ui ðx1;0Þ for x1 R ðb;bÞ and i¼1;3;
Dþ3 ðx1;0Þ¼D3 ðx1;0Þ; uþðx1;0Þ¼uðx1;0Þ for x1 R ðc;cÞ ð14Þ
should be satisﬁed as well.
Note that, if the introduced mechanical yield zones and the
electrical saturation zones described by Eq. (13) are neglected,
Fig. 2. Modeling of the pre–fracture zones by crack continuations with stress rY
and electrical displacement DS on its faces: (a) the mechanical yield zone is shorter
or equal than the electrical saturation zone ðlr ¼ b a 6 lD ¼ c  aÞ; (b) the
mechanical yield zone is longer than the electrical saturation zone ðlD < lrÞ
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electrical permeability in a homogeneous piezoelectric material.
This model has already been mentioned and presented by formulas
(7)–(9).
4. Exact analytical analysis of the model
In this paragraph, an exact analytical solution for the problem
formulated by the relations (2)–(6), conditions at inﬁnity and
interface conditions (13) and (14) with additional electric condi-
tion (1) in the crack region will be presented. The following rela-
tions for a piezoelectric bimaterial:
V0ðx1;0Þ
  ¼Wþðx1Þ Wðx1Þ; ð15Þ
tð1Þðx1; 0Þ ¼ GWþðx1Þ  GWðx1Þ; ð16Þ
presented by Herrmann et al. (2001) will be used. In these relations
½V0ðx1;0Þ ¼ V0ð1Þðx1;0Þ  V0ð2Þðx1; 0Þ;
G¼Bð1ÞD1; D¼Að1Þ Að2ÞðBð2ÞÞ1Bð1Þ;Wþðx1Þ¼Wðx1þ i 0Þ;Wðx1Þ¼
Wðx1 i 0Þ; AðmÞ;BðmÞ are known matrices (Suo et al., 1992) related
to the upper ðm ¼ 1Þ and lower ðm ¼ 2Þ half-planes, respectively;
V ¼ ½u1; u2;u3;/T ; t ¼ ½r13;r23;r33;D3T , T means transposition and
prime means the derivative on x1. It is worth noting that the un-
known vector function WðzÞ ¼ ½W1ðzÞ; W2ðzÞ;W3ðzÞ;W4ðzÞT is ana-
lytic in the whole plane including the bonded parts of the material
interface z ¼ x1 þ ix3; i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p 	
. The [4  4] bimaterial matrix G
and the vector function W(z) are related to the matrix H and the
vector function h(z) (Suo et al., 1992) as iG1 ¼ H and WðzÞ ¼
i H hðzÞ, respectively.
Note that, for the case of the same upper and lower materials,
the equation G ¼ G holds true. For the considered loading, be-
cause of symmetry, r13ðx1;0Þ ¼ 0 and ½u1ðx1;0Þ ¼ 0 for 1 < x1
<1. Therefore, only 3-d and 4-th components will be taken into
account in the vectors V and t. Eq. (16) can then be written in
the formtð1Þðx1;0Þ ¼ G Wþðx1Þ þWðx1Þ

 
; ð17Þ
using only the following part of the matrix G:
G ¼ G33 G34
G43 G44
 
: ð18Þ
Moreover, for piezoceramics of class 6 mm (Parton and Kudryavt-
sev, 1988), the relations Gkl ¼ igkl ðk; l ¼ 3;4Þ hold true and all gkl
are real.
Satisfying the interface conditions (13) and (14), one arrives at
the following problem of linear relationship:
G33 W
þ
3 ðx1Þ þW3 ðx1Þ

 þ G34 Wþ4 ðx1Þ þW4 ðx1Þ
 
¼ pðx1Þ for x1 2 ðb; bÞ; ð19Þ
G43 W
þ
3 ðx1Þ þW3 ðx1Þ

 þ G44 Wþ4 ðx1Þ þW4 ðx1Þ
 
¼ qðx1Þ for x1 2 ðc; cÞ: ð20Þ
As it will be shown later, both cases b < c and b > c can occur in
practice. Since the solutions of the considered problem for these
two cases are different, the analysis will be carried out separately
for each of them.
4.1. Mechanical yield zone is shorter than the electrical saturation zone
For a shorter mechanical yield zone ðb; bÞ  ðc; cÞ, one can
ﬁnd from (19) and (20) for x1 2 ðb; bÞ that
Wþ3 ðx1Þ þW3 ðx1Þ ¼
T0 for jx1j < a;
T3 for jx1j 2 ða; bÞ;

ð21Þ
where T3 ¼ ðG44rY  G34DSÞ=D; T0 ¼ G34D=D; D ¼ G33G44  G43G34.
The condition at inﬁnity for the functionW3ðzÞ follows from Eq.
(17) and can be written in the form
W3ðzÞjz!1 ¼ 0:5T13 ; ð22Þ
where T13 ¼ ðG44r1  G34d1Þ=D.
Solution of the problem (21) and (22), according to Muskhelis-
vili (1963), can be presented as follows:
W3ðzÞ ¼ T
1
3  T0
2
z
XðzÞ þ
T0
2
þ T3  T0
p
gðz; bÞ; ð23Þ
where XðzÞ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2b2
p
; gðz;yÞ¼ g1ðz;yÞ zﬃﬃﬃﬃﬃﬃﬃﬃﬃz2y2p cos1 ay
 	
; g1ðz;yÞ¼
cot1 az
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2y2
y2a2
q 	
.
It is interesting to mention some other presentations of the
function g1ðz; yÞ in the form
g1ðz; yÞ 
p
2
¼ sin1 y
2  az
yðz aÞ  sin
1 y2 þ az
yðzþ aÞ
¼  1
2i
ln
rðz; yÞ þ i
rðz; yÞ  i ; rðz; yÞ ¼
z
a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y2  a2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  y2
p ;
which were used by Panasyuk (1968) and Wang (2000),
respectively.
From Eq. (20), one gets
Wþ4 ðx1Þ þW4 ðx1Þ ¼ 
G43
G44
Wþ3 ðx1Þ þW3 ðx1Þ

 
þ 1
G44
qðx1Þ x1 2 ðc; cÞ: ð24Þ
It follows from Eq. (17) that
W4ðzÞjz!1 ¼ 0:5D1ðG43r1 þ G33d1Þ: ð25Þ
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tion of (21) can be presented in the form
W4ðzÞ ¼ G43G44 W3ðzÞ þ
d1  D
2G44
zﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  c2
p þ DS  D
pG44
gðz; cÞ: ð26Þ
Expressions of the normal stress for jx1j > b and of the electrical
displacement for jx1j > c can be found by using Eq. (17) and can be
written in the form
r33ðx1;0Þ¼ ½r1þk0ðDd1Þ x1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21b2
q
þ2
p
½rY k0ðDSDÞgðx1;bÞþk0ðDSDÞ for x1 R ðb;bÞ;
D3ðx1;0Þ¼ ðd1DÞ x1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21c2
q þ2ðDSDÞ
p
gðx1;cÞ for x1 R ðc;cÞ;
ð27Þ
where k0 ¼ G34=G44.
The stress r33ðx1;0Þ and the electrical displacement D3ðx1;0Þ are
ﬁnite for x1 ! bþ 0 and x1 ! c þ 0, respectively, if the following
equations:
r1  k0ðd1  DÞ
r k0ðDS  DÞ ¼
2
p
cos1
a
b
 	
; ð28Þ
d1  D
DS  D ¼
2
p
cos1
a
c
 	
; ð29Þ
hold true. These equations deﬁne the length of mechanical yield and
electrical saturation zones.
Consider now the jumps of the normal displacement and the
electric potential. From Eq. (15), one has
½u03ðx1;0Þ ¼ Wþ3 ðx1Þ W3 ðx1Þ:
Using (23) and (28) and integrating the obtained formula we get the
following expression for the displacement jump:
½u3ðx1;0Þ ¼ iðT3  T0Þ2p ðx1  aÞCðb; x1; aÞ  ðx1 þ aÞCðb; x;aÞf g;
ð30Þ
where Cðb; x1; nÞ ¼ ln b
2x1n
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðb2x21Þðb
2n2Þ
p
b2x1nþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðb2x21Þðb
2n2Þ
p .
The obtained expression can be used to determine the normal
mechanical displacement jumps ½u3ðx1;0Þ at any point of the inter-
val (b,b). At the initial crack tip, it has the following value:
d2 ¼ ½u3ða; 0Þ ¼  2p aiðT3  T0Þ ln
a
b
 	
: ð31Þ
In a similar way, using (15), the electric potential jump can be found
in the form
½uðx1; 0Þ ¼ G43G44 ½u3ðx1; 0Þ þ
iðDS  DÞ
2pG44
fðx1  aÞCðc; x1; aÞ
 ðx1 þ aÞCðc; x;aÞg: ð32Þ
At the initial crack tip, its value is
du ¼ ½uða;0Þ ¼ 2ap
iðDS  DÞ
G44
ln
a
c
 	
 G43
G44
d2: ð33Þ
Further it is necessary to ﬁnd the value of the electrical ﬂux D
from Eq. (1). The coefﬁcient of ½uðx1;0Þ=½u3ðx1;0Þ is not a constant
value at the interval ða; aÞ in this case according to the formulas
(30) and (32). Let us show that its variation at this interval is extre-
mely small. We use for this purpose the following expressions for
the displacement and electrical potential jumps (Govorukha et al.,
2006):½u3ðx1; 0Þ ¼ iD G44r
1  G34ðd1  DÞ½ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x21
q
; ð34Þ
½uðx1; 0Þ ¼ iD G43r
1 þ G33ðd1  DÞ½ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x21
q
; ð35Þ
obtained for the above-mentioned Grifﬁth crack with limited elec-
trical permeability in a homogeneous piezoelectric material (see
Eqs. (7)–(9)). In this case, with the use of the relation iG1 ¼ H,
Eq. (1) can be presented in the form
 ea
D
¼ H33r
1 þ H34ðd1  DÞ
H43r1 þ H44ðd1  DÞ ; ð36Þ
which completely agree with Hao and Shen (1994). This equation
can be reduced to the following quadratic equation:
g1D
2 þ g2Dþ g3 ¼ 0; ð37Þ
with
g1 ¼ H34; g2 ¼ H44ea  H33r1  H34d1;
g3 ¼  H43r1 þ H44d1ð Þea:
For the required value of D, the root should be chosen for which
½u3ðx1; 0Þ is positive.
Let us carry out a numerical analysis for the piezoelectric mate-
rial PZT4 (Parton and Kudryavtsev, 1988). The values of the electro-
mechanical constants for this material are presented in Appendix
A. Fig. 3 shows a comparison of the coefﬁcient ½uðx1;0Þ=
½u3ðx1;0Þ obtained by means of the developed approach (solid
lines) and by means of the Grifﬁths model (dashed lines).We as-
sume that the crack is ﬁlled by air with ea ¼ e0 ¼ 8:85
1012 C=V m and rY ¼ 200 MPa; DS ¼ 0:03 C=m2; r1 ¼ 10 MPa; a
¼ 10 mm. Line I is obtained for r1 ¼ 10 MPa; d1 ¼ 0:0003 C=m2.
In this case, from Eq. (36), one has D ¼ 0:00174 C=m2 and, from
Eqs. (28) and (29), it follows that kb ¼ baa ¼ 3:39 103; kc
¼ caa ¼ 5:11 103. For the lines II and III, the corresponding val-
ues are r1 ¼ 10 MPa; d1 ¼ 0:0015 C=m2; D ¼ 7:99 104
C=m2; kb ¼ 3:61 103; kc ¼ 6:92 103 and r1 ¼ 20 MPa; d1 ¼
0:0015 C=m2; D ¼ 0:00229 C=m2; kb ¼ 0:0132; kc ¼ 0:0172,
respectively.
It can be seen from Fig. 3, that, near the right crack tip (9.8 mm,
10 mm) and similarly near the left crack tip (9.8 mm, 10 mm),
some difference exists between our results (solid lines) and the
Grifﬁths model (dashed lines). This difference becomes more evi-
dent in the very vicinity of the crack tip. In the remaining part of
the crack region (9.8 mm, 9.8 mm), the difference in the results
is practically invisible. It means that, for the considered model, ex-
cept for a very small zone near the crack tips, the electrical ﬂux
through the crack region is practically constant and Eq. (36) or
(37) can be used for its determination with sufﬁciently high
accuracy.
4.2. Mechanical yield zone is longer than the electrical saturation zone
Analysis of the case bP c is mathematically somewhat similar
to the case b 6 c. Therefore, only some main points of the solution
will be presented here. In this case, the systems (19) and (20) has
to be solved. Its solution is found, like in the previous paragraph, in
the form
W4ðzÞ ¼ T
1
4  T
2
zﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  c2
p þ T
2
þ T4  T
p
gðz; cÞ; ð38Þ
W3ðzÞ ¼ G34G33 W4ðzÞ þ
r1
2G33
zﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  b2
p þ r
pG33
gðz; bÞ; ð39Þ
where
T4 ¼ ðG33DS  G43rÞ=D; T14 ¼ ðG33d1  G43r1Þ=D; T ¼ G33D=D.
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ing equations:
G33ðd1  DÞ  G43r1
G33ðDS  DÞ  G43r ¼
2
p
cos1
a
c
 	
; ð40Þ
r1
r
¼ 2
p
cos1
a
b
 	
: ð41Þ
With an account of the latter equations, the electric potential
and the normal displacement jumps have the following form:
½uðx1; 0Þ ¼ iðT4  TÞ2p fðx1  aÞCðc; x1; aÞ  ðx1 þ aÞCðc; x;aÞg
for x1 2 ðc; cÞ; ð42Þ2.3
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Fig. 3. Variation of the coefﬁcient ½uðx1; 0Þ=½u3ðx1; 0Þ obtained by means of the develop
case of b < c; rY ¼ 200 MPa; DS ¼ 0:03 C=m2 and different r1; d1 .½u3ðx1; 0Þ ¼ G43G44 ½uðx1;0Þ þ
iðT3  T0Þ
2p
fðx1  aÞCðb; x1; aÞ
 ðx1 þ aÞCðb; x;aÞg for x1 2 ðb; bÞ; ð43Þ
and their values at the initial crack tip are found as
d2 ¼ 2ap
ir
G33
ln
a
b
 	
 G34
G33
d/; du ¼  2p aiðT4  TÞ ln
a
c
 	
: ð44Þ
Similarly to the case b 6 c, the coefﬁcient ½uðx1;0Þ=½u3ðx1;0Þ is
not a constant value at the interval (a,a) according to the formu-
las (42) and (43). Fig. 4 presents a comparison of this coefﬁcient
obtained by means of the developed approach (solid lines) and
by means of the Grifﬁths model (dashed lines). It is assumed that0.99 0.992 0.994 0.996 0.998 1
1x a
I
approach (solid lines) and by means of the Grifﬁths model (dashed lines) for case of
1x a
I
II
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ed approach (solid lines) and by means of the Grifﬁths model (dashed lines) for the
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¼ 200 MPa; DS ¼ 0:1 C=m2; d1 ¼ 0:01 C=m2; a ¼ 10 mm. The lines
I, II and III are related to r1 ¼ 2; 6 and 10 MPa, respectively. The
corresponding values of the electrical ﬂux through the crack and
the relative lengths of mechanical and electrical yield zones are
D ¼ 0:00925 C=m2; kb ¼ 1:23 104; kc ¼ 4:68 105 (line I), D ¼
0:00786 C=m2; kb ¼ 1:11 103; kc ¼ 2:75 104 (line II) and
D ¼ 0:00661 C=m2; kb ¼ 3:09 103; kc ¼ 4:93 104 (line III).
Like in previous paragraph, some difference between the results
obtained by our model (solid lines) and the Grifﬁths one (dashed
lines) appears (Fig. 4) closely near the crack tips. In the remaining
part of the crack region, this difference in the results is almost
invisible. It means that, for the case bP c, like for the case b 6 c,
the electrical ﬂux through the crack region is almost constant
and Eq. (36) or (37) can be used with high accuracy for its
determination.
Analysis of Eqs. (28), (29) and Eqs. (40), (41) shows that
inequality b 6 c is valid if the inequality
r1
rY
6 d
1  D
DS  D ð45Þ
holds true. In the opposite case, the inequality bP c is valid.5. Energy consideration
The J-integral for the Grifﬁth crack is presented above by the
formula (9). Consider now the determination of the J-integral for
the developed model with pre-fracture zones. We denote it as JY .
Following Gao et al. (1997), we use the contour C closing the
points a, b and c. In this case
JY ¼
I
C
Wn1  rijniuj;i  Dini/;i

 
ds; ð46Þ
whereW is the electric enthalpy. Using the path-independent prop-
erty of JY , tending the contour C to the pre-fracture zone ða; cÞ for0
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Fig. 5. The variation of the mechanical displacement jump ½u3ðx1;0Þ obtained by
rY ¼ 200 MPa; DS ¼ 0:1 C=m2; r1 ¼ 10 MPa; d1 ¼ 0:01 C=m2 and a ¼ 10 mm.b < c or to ða; bÞ for b > c and taking into account that the thickness
of this zone tends to zero, one gets
JY ¼ 
Z b
a
rþ33ðx1;0Þ
ouþ3
ox1
ðx1; 0Þ  r33ðx1; 0Þ
ou3
ox1
ðx1;0Þ
 
dx1

Z c
a
Dþ3 ðx1; 0Þ
ouþ
ox1
ðx1; 0Þ  D3 ðx1;0Þ
ou
ox1
ðx1;0Þ
 
dx1:
Taking into account that, according to (13) and (14),
r33ðx1;0Þ ¼ rY in ða; bÞ and D3 ðx1;0Þ ¼ DS inða; cÞ and performing
the integration, we arrive at the formula
JY ¼ rYd2 þ DSdu; ð47Þ
where d2 and d/ are deﬁned by Eqs. (31), (33) and (44) for the cases
of b < c and b > c, respectively.
6. Numerical results and discussion
Numerical results are obtained for the piezoelectric material
PZT4 (Parton and Kudryavtsev, 1988). The values of the electrome-
chanical constants are presented in Appendix A. The required com-
ponents of the matrixH for this material have the following values:
H33 ¼ 3:4989 1011; H34 ¼ H43 ¼ 0:04429; and H44 ¼ 1:7486
108. The system of units SI is used here and in the ﬁgures.
Figs. 5 and 6 show the mechanical displacement jump ½u3ðx1;0Þ
and the electrical potential jump ½uðx1;0Þ, respectively. The results
calculated for rY ¼ 200 MPa; DS ¼ 0:1 C=m2; r1 ¼ 10 MPa; d1 ¼
0:01 C=m2 and a ¼ 10 mm are shown. The solid lines are obtained
for the developed model whilst the dashed lines correspond to the
Grifﬁth crack in a homogeneous piezoelectric material. Lines I and
II are related to an electrically impermeable crack ðea ¼ 1010 	 e0Þ
and the crack ﬁlled by air ðea ¼ e0 ¼ 8:85 1012 C=V mÞ, respec-
tively. Only the most interesting zone, that is the one situated near
the right crack tip, is shown. It is worth mentioning that, in the
internal part of the crack region, the analyzed values obtained by
means of different models almost do not differ from each other.1.001 1.003 1.005
1x a
developed model (solid lines) and for the Grifﬁth crack (dashed lines) for
1802 V. Loboda et al. / International Journal of Solids and Structures 47 (2010) 1795–1806Figs. 7–10 show the variations of the relative lengths of the
zones of mechanical yielding ðkbÞ and electrical saturation ðkcÞ,
mechanical displacement ðd2Þ and electrical potential ðduÞ jumps
at the initial crack tip and the J-integral with respect to the inten-
sity of the electrical ﬂux d1. These results were obtained for the
material PZT4 and the following parameters: rY ¼ 200
MPa; DS ¼ 0:1 C=m2; ea ¼ e0 ¼ 8:85 1012 C=V m and a = 10 mm.
Lines I in these Figures are calculated for r1 ¼ 40 MPa, II – for
r1 ¼ 30 MPa and III – for r1 ¼ 20 MPa.-20
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Fig. 6. The variation of the electrical potential jump ½uðx1; 0Þ obtained by de
rY ¼ 200 MPa; DS ¼ 0:1 C=m2; r1 ¼ 10 MPa; d1 ¼ 0:01 C=m2 and a ¼ 10 mm.
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Fig. 7. The variations of the relative lengths of the zones of mechani
rY ¼ 200 MPa; DS ¼ 0:1 C=m2; ea ¼ e0 ¼ 8:85 1012 C=V m and different r1 .In Fig. 7, the solid lines are related to the values of kb whilst
dashed lines correspond to the values of kc . It can be seen from
these results that growing d1 leads to a moderate increase of kb
and to an essential growing of kc . Therefore, for each pair of lines
(I, II and III), we observe an intersection point for which kb ¼ kc.
It should be also mentioned that the variation of the values kc with
respect to r1 is not always monotonic. For example, for
d1 2 ð0:1;0:16Þ the values of kc corresponding to lines I, II and III
are increasing, while for d1 2 ð0:26;0:3Þ their values are decreas-1.005 1.007 1.009 1.011 1.013
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Fig. 8. The variations of the mechanical displacement ðd2Þ jump at the initial crack tip for rY ¼ 200 MPa; DS ¼ 0:1 C=m2; ea ¼ e0 ¼ 8:85 1012 C=V m and different r1 with
respect to d1 .
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Fig. 9. The variations of the electrical potential ðduÞ jump at the initial crack tip for rY ¼ 200 MPa; DS ¼ 0:1 C=m2; ea ¼ e0 ¼ 8:85 1012 C=V m and different r1 with respect
to d1 .
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lead to both increasing and decreasing value of kc , while the same
increasing value of r1 leads to a stable growth of kb.
In Figs. 8 and 9, a stable growth of d2 and du with respect to d
1
is observed. Note that d2 increases for growing r1 for any d1, while
du does not demonstrate such a stable dependence on this value.
Finally, Fig. 10 shows that JY decreases with respect to increasing
of d1. This fact is in agreement with the known conclusion that a
growing electrical ﬂux suppresses in many cases the crack growth
possibility.
Tables 1–3 demonstrate the variation the electric ﬂux D in the
crack region, the relative pre-fracture zone lengths kb and kc , the
crack opening d2 in the initial crack tip, the jump of the electrical
potential d/ at this point, J-integrals found for the Grifﬁth crackðJ0Þ and with the account of the pre-fracture zone ðJYÞ with respect
to the electrical permeability ea ¼ ere0 of the crack medium. It is as-
sumed that a = 10 mm, the interlayer has a yield limit
rY ¼ 200 MPa and the external mechanical and electrical loading
is chosen to be equal to r1 ¼ 10 MPa and d1 ¼ 0:01 C=m2, respec-
tively. The numerical results presented in Tables 1–3 are obtained
for the saturated limit DS ¼ 0:2; 0:7 and 0:5 C=m2, respectively.
The value of ea ¼ 1010e0 corresponds to an electrically imperme-
able crack, ea ¼ e0 to the air, ea ¼ 2:5e0 to the silicone oil,
ea ¼ 81e0 to the water. The value ea ¼ 4000e0 can be considered
as the one corresponding to an electrically permeable crack. D
and J0 are omitted in Tables 2 and 3, since they have the same
values as in Table 1. Analyzing the numerical results, one can
observe only a small difference between the values of J-integral
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Fig. 10. The variations of the J-integral for rY ¼ 200 MPa; DS ¼ 0:1 C=m2; ea ¼ e0 ¼ 8:85 1012 C=V m and different r1 with respect to d1 . Lines I, II and III are calculated for
r1 ¼ 40 MPa;30 MPa and 20 MPa, respectively.
Table 1
Numerical results for different values of the electrical permeability er of the crack medium: the electric ﬂux D in the crack region, the relative pre-fracture zone lengths kb and kc ,
the crack opening d2 in the initial crack tip and the jump of the electrical potential du at this point, J-integrals found for Grifﬁth crack ðJ0Þ and with the account of the pre-fracture
zone ðJY Þ calculated with a = 10 mm, rY ¼ 200 MPa; DS ¼ 0:2 C=m2 ;r1 ¼ 10 MPa; d1 ¼ 0:01 C=m2.
er 103D ðC=m2Þ 103kb 103kc 107d2 ðmÞ du ðVÞ J0 ðN=mÞ JY ðN=mÞ
1010 1:45 109 3.09 3.09 3.11 513.0 40.28 40.32
1 5.513 3.09 0.228 1.91 36.5 31.04 30.88
2.5 6.612 3.09 0.0442 1.83 7.02 35.28 35.28
81 7.439 3.09 4:63 105 1.82 7:31 103 36.29 36.33
4000 7.466 3.09 1:90 108 1.82 3:01 106 36.29 36.33
Table 2
Values of the relative pre-fracture zone lengths kb and kc , crack opening d2 in the
initial crack tip and the jump of the electrical potential du at this point and JY for
different values of the electrical permeability er of the crack medium, calculated with
DS ¼ 0:07 C=m2 and the same values of a, rY ; r1; d1 as in Table 1.
er 103kb 10
3kc 10
7d2 ðmÞ du ðVÞ JY ðN=mÞ
1010 7.65 25.7 4.90 1993.0 41.46
1 3.83 6.00 2.40 263.0 29.61
2.5 3.21 3.53 2.00 75.0 34.83
81 3.092 6:58 103 1.82 0.0872 36.33
4000 3.092 2:72 106 1.82 3:59 105 36.33
Table 3
Values of the relative pre-fracture zone lengths kb and kc , crack opening d2 in the
initial crack tip and the jump of the electrical potential du at this point and JY for
different values of the electrical permeability er of the crack medium, calculated with
DS ¼ 0:05 C=m2 and the same values of a, rY ; r1; d1 as in Table 1.
er 103kb 10
3kc 10
7d2 ðmÞ du ðVÞ JY ðN=mÞ
1010 9.20 51.5 5.37 3008.0 42.91
1 4.63 12.7 2.64 490.0 28.29
2.5 3.88 7.56 2.20 202 33.97
81 3.36 4.48 1.90 39.3 36.03
4000 3.35 4.39 1.89 34.8 36.07
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one.
It is also seen from the numerical results that, for the cases pre-
sented in Tables 1 and 3, only one of the inequalities,
bP c or b 6 c, respectively, is always valid. This is not the case
for Table 2 where both cases, bP c and b 6 c, can take place
depending on other parameters. It is also interesting to note that,
for bP c, the length of mechanical yield zone depends neither
on electrical permeability ea nor on the saturated limit DS. For
b 6 c, it only insigniﬁcantly depends on these parameters. On the
other hand, the electrical saturated zone length essentially
depends both on ea and DS for any relation between b and c.
Very small values of kc for large values of ea can be explained by
a small difference d1  D for large ea as compared to the cases of
small ea.7. Conclusion
An assembly of two identical piezoelectric semi-inﬁnite spaces
adhered by thin isotropic interlayer is considered. The system is
loaded at inﬁnity by a uniformly distributed tensile stress and an
electric displacement. It is assumed that the crack occurs in an
interlayer and it is parallel to the interfaces between the interlayer
and the substrates. The limited permeable electrical conditions (1)
in the crack region are adopted. The piezoelectric material has the
symmetry class 6 mm with the poling direction perpendicular to
the faces of the interlayer. The plane strain conditions in the plane
perpendicular to the crack fronts are considered. It is assumed that
the interlayer yields at smaller stresses than the adherent materi-
als. To avoid the singularity of the normal stress and of the electri-
V. Loboda et al. / International Journal of Solids and Structures 47 (2010) 1795–1806 1805cal displacement at the crack tips, known for the Grifﬁth crack and
similar models, two distinct zones of different lengths – a zone of
mechanical yielding of length lr ¼ b a and a zone of electrical
saturation of length lD ¼ c  a – are introduced in the interlayer
in front of the crack tips. These zones permit to eliminate the men-
tioned singularities. The ﬁrst zone is modeled by crack continua-
tions with the faces subjected to a normal stress of a constant
value rY ¼ 2rys. The second one is modeled by crack continuations
with the faces subjected to an electrical displacement equal to the
saturated electrical displacement DS of the interlayer. The thick-
nesses of the interlayer and of the introduced pre-fracture zones
are assumed to be tending to zero. Therefore, outside of the crack
taken with the introduced zones of mechanical yielding and elec-
trical saturation, the substrates are assumed to be mechanically
bonded and electrically continuous.
Using the presentations of electromechanical values via sec-
tional analytic functions, the formulated problem is reduced to a
system of two equations of linear relationships (19) and (20). The
exact solution of this problem is found analytically for both cases
– when the electrical saturated zone is longer and when it is short-
er than the zone of mechanical yielding. In the ﬁrst case, the yield
zone length is deﬁned by Eqs. (28) and (29) and the jumps of
mechanical displacement and of electrical potential in the initial
crack tip are deﬁned by formulas (31) and (33), respectively. In
the second case, these values are deﬁned by Eqs. (40), (41) and
(44). In both cases, the unknown electrical displacement in the
crack region can be found by means of Eq. (36) or (37), which
are the same one as for the Grifﬁth model of the considered crack.
This possibility is conﬁrmed by a special analysis, some results of
which are presented in Figs. 3 and 4. The J-integral for the Grifﬁth
model is deﬁned by formula (9) and, it is found that, for the pre-
sented here model, it is deﬁned by formula (47).
The behavior of the mechanical displacement jump ½u3ðx1;0Þ
and the electrical potential jump ½uðx1;0Þ for the developed model
and the Grifﬁth one are shown in Figs. 5 and 6, respectively. Essen-
tial differences of results in the near-tip crack region between the
two discussed models – the developed here model and the Grifﬁth
one – for the mechanical displacement jump and the electrical po-
tential jump can be seen from these ﬁgures. On the other hand, the
numerical results obtained by the two different models are very
close in the major internal part of the crack region. The dependen-
cies of the relative lengths of the studied zones of mechanical
yielding and electrical saturation, the mechanical displacement
jump, the electrical potential jump at the initial crack tip and the
J-integral with respect to the intensity of the electrical ﬂux d1
are given in Figs. 7–10. It is observed that an increasing d1 leads
to a moderate increase of the zone of mechanical yielding and to
an essential growth of the zone of electrical saturation. Although
these zones are different, the values of d1 exist for which the
lengths of these two zones become equal to each other. Besides,
the phenomenon observed in many previous publications consist-
ing in a decrease of JY with increasing d
1 is also observed here. Ta-
bles 1–3 demonstrate the variation of the electric ﬂux in the crack
region, relative pre-fracture zone lengths, the crack opening and
the jump of the electrical potential in the initial crack tip, and
the J-integrals corresponding to the Grifﬁth crack and to the devel-
oped model with respect to the electrical permeability of the crack
medium. It is demonstrated that the length of the mechanical yield
zone depends insigniﬁcantly on electrical permeability and the sat-
urated electrical displacement. On the other hand, the electrical
saturation zone length depends essentially on both these parame-
ters, independently from the relation between the lengths of the
mechanical yielding zone and the electrical saturation one.
Finally, it is worth noting that all important fracture mechanical
values such as crack opening displacement, electrical potential
jump in the initial crack tip and the energy release rate are foundin a simple analytical form in the present paper. We believe that
the provided expressions are rather convenient for use in engineer-
ing analysis.
Appendix A
Characteristics of the piezoceramics PZT4 (Parton and
Kudryavtsev, 1988)
10 2c11  10 ðN=m Þ 13.9
c33  1010 ðN=m2Þ 11.3
c13  1010 ðN=m2Þ 7.43
c44  1010 ðN=m2Þ 2.56
e31 ðC=m2Þ 6.98
e15 ðC=m2Þ 13.44
e33 ðC=m2Þ 13.84
e11  1010 ðC=V mÞ 60.0
e33  1010 ðC=V mÞ 54.7References
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